This paper investigates the impact of the threshold control strategy and environmental randomness on pest control. Firstly, a fixedtime impulsive stochastic ecosystem with IPM strategy is proposed, where the local and global existence of positive solution and the boundedness of expectation are discussed in detail. Moreover a sufficient condition for the extinction of the pest population with probability-1 is given. Then, a state-dependent stochastic ecosystem with IPM strategy is proposed. By employing the numerical simulations, the effects of ambient noise intensity on pest-outbreak are discussed. The result shows that there is a close relationship among the frequency of pest-outbreak, ET, the environmental perturbation intensity, and control measures. This study helps us to understand the impact of random factors on pest-outbreak frequency by theoretical derivations and numerical simulations; the results have directive significance in the design of an optimal control strategy for the department of ecological agriculture.
Introduction
Pest prevention and control have been attaching great importance by the agricultural departments as well as the management departments due to the outbreak of disaster pests. In the early days, chemical pesticides have played important roles in the pest control since pesticides can quickly kill a significant portion of a pest population, and it is convenient to carry out. However, the abuse of pesticides can also inevitably bring some negative effects such as the pest resistance and environment pollution. Therefore, a lot of control measures including chemical, physical, and biological methods have been proposed through long-term practice; Integrated Pest Management (IPM) is a combination of the above three tactics, which aims at the maximization of economic benefits [1] [2] [3] [4] [5] with the combination of the dynamical interaction between pests and their natural enemies and the implement of the comprehensive control strategies, in the hope of keeping the pest population under Economic Injury Levels (EIL).
Mathematical models can assist in designing strategies to control pest-outbreak. The application of IPM strategies has proven to have timeliness and transient effects. Moreover it also has made a crucial difference in the pest control because of the dynamical interaction based on intra-specific cooperation. Recently, many scholars have suggested using impulsive differential equations to investigate the dynamics of pest control models [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
However, the effects of external random noises such as fire, flood, earthquake, and drought on the population cannot be ignored. For example, when the population is small or the noise intensity is high, it is not scientific enough to use the deterministic model. Meanwhile, it is necessary to establish a stochastic dynamic system to study the reality better in 2 Complexity ecosystem. There were many scholars such as Kolmogorov [16, 17] and Feller [18, 19] who had done pioneering works in stochastic dynamic system. Meanwhile, in 1951 Itô established a stochastic integration [20] [21] [22] . In 1953, Doob published his results [23] and hence built up the mathematical theoretical foundation of stochastic dynamic system. Recently, the theory of the stochastic differential equation has gained renewed interest and also been applied to other fields [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] .
In fact, the growth rate, environmental capacity, competition factors, and other parameters of the ecosystem are all subject to external random factors such as drought, harvest, fire, earthquakes, floods, deforestation, and hunting. Therefore, stochastic perturbations are introduced in the nonsmooth systems especially for pest-natural-enemy ecosystem being a very practical significance of the topic. The main propose of this paper is to investigate the effects of environmental randomness on IPM strategies. In order to do this, a fixed-time stochastic impulsive ecosystem with IPM strategies and a state-dependent stochastic ecosystem are proposed. Some theoretical derivations, qualitative analysis, numerical simulations are given in order to make the comprehensive and systematic research on those models, which could be in the hope of providing some suggestions for pest control and ecological management. Some theoretical, numerical, and biological analysis are given to investigate how environmental randomness affects the pest-outbreaks.
The organization of the present paper is as follows. In the next section, a fixed-time stochastic pest-natural-enemy ecosystem with IPM strategies is proposed, where the local and global existence of positive solution and the boundedness of expectation are discussed in detail. A sufficient condition for the extinction of pest population with probability 1 is given. In Section 3, with the establishment of a statedependent stochastic predator-prey ecosystem with IPM strategies and the development of the numerical simulations and methods, the effects of ambient noise intensity on pestoutbreak are discussed. The paper ends with some interesting biological conclusions, which complement the theoretical findings.
A Fixed-Time Impulsive Stochastic
Ecosystem with IPM Strategy
Model Formulation.
In 2001, in order to investigate the predator-prey interaction when the prey exhibits group defense, Xiao and Ruan [34] proposed the following model:
where ( ) and ( ) represent the densities of prey (pest) and predator (natural enemy) populations, respectively; denotes the intrinsic growth rate and represents the carrying capacity for ; and are the conversion rate and death rate for , respectively; the sigmoidal saturation function, especially (i.e., a simplified Monod-Haldane or Holling IV function [35] ), ( ) = /[ + 2 ( )] describes the group defence of .
Taking into account the effect of environmental noise and IPM strategies in model (1), then we can obtain the following fixed-time impulsive stochastic model
Here is the pulse control period, is the killing rate for pest population, and is the release constant for natural-enemy; those are the IPM control parameters; d ( ), especially, denotes the white noise (i.e., an error term), 2 is a continuous bounded function on + representing the intensity of the noise, ( ) is a Brownian motion defined on a complete probability space (Ω, F, P), and = 1, 2.
Preliminaries.
For convenience, we will introduce some notations, definitions, and lemmas for impulsive stochastic differential equations (ISDE) [22, 24] , which will be used for establishing our main results later.
Definition 1 (see [24] ). For the impulsive stochastic differential equations,
with initial condition (0
(ii) There exists
with probability 1 for each , ∈ N; Complexity 3 (iii) ( ) obeys the integral equation
for almost all ∈ (0, ]. And ( ) obeys the integral equation
for almost all ∈ ( , ( + 1) ], ∈ N. Moreover, ( ) satisfies the impulsive conditions at each = ( ∈ N) with probability 1.
Definition 2 (see [22] ). If the pest population ( ) satisfies lim →∞ ( ) = 0, then ( ) is said to be extinction with probability 1.
Lemma 3 (the strong law of large numbers for martingales [22] ). Let = { } ≥0 be a local continuous martingale with
holds true, then
Lemma 4 (Itô's formula [22] ). Let ( , ) be defined in ≥ 0, and ( ) satisfies
which is a -Itô process, and
The comparison theorem of stochastic differential equation is one of the most important technologies to investigate the stochastic mathematical biology models; now it is given as follows.
Lemma 5 (comparison theorem of SDE [22] ). Assume that ( ), = 1, 2 is the solution for stochastic differential equation
where
Then there exists 1 ( ) ≤ 2 ( ) with probability 1 for ≥ 0. (2) . In this section, the local and global existence of positive solution and the boundedness of expectation are discussed in detail, and the sufficient condition for the extinction of pest population with probability 1 is given. Firstly, the local existence of positive solution is given as follows.
Mathematical Analysis for Model

Theorem 6. Model (2) exists a unique local positive solution
Proof. Consider the following stochastic differential equation
with ( 
4 Complexity and
for every ∈ N and ̸ = . Furthermore, it is easy to derive
Analogously, for any ( ), we can derive that
and
for every ∈ N and ̸ = . Meanwhile, it gives
According to Definition 1, model (2) provides a unique local positive solution. The proof of Theorem 6 is completed.
The existence and uniqueness of the local positive solution of model (2) are derived by Theorem 6, and some numerical simulations are also given, as shown in Figures  1 and 2 . In particular, there are two cases representing the different noise density in Figures 1 and 2 , which indicate the smaller the environmental disturbance is, the more effective the impulsive strategy is. Meanwhile, if the strong disturbance can cause the dynamical behaviors of system becoming more complex, it will bring some great challenges for pest control.
Next, we continue to study the global existence of positive solution for model (2) . (2) with (
+ is a local positive solution. It follows from the first equation of (2) 
Consider the following comparison system:
According to the main result of [24] , model (22) provides a unique global positive solution
with (0 + ) = + 0 , and it is continuous. By employing the comparison theorem of stochastic differential equation, we can obtain that
Similarly, it follows from the second equation of model (2) that
and then consider the following equation: Obviously, the above equation (26) has a unique global positive solution * ( )
with (0 + ) = (0 + ) > 0, and it is continuous. Combining (24) and (27) Proof. Use the transformation of the form
Applying Itô's formula to the first equation of model (2), it yields
Integrating both sides of (29) from 0 to , we can obtain that
Assume that 1 ( ) = 1 ∫ 0 d ( ); then 1 ( ) is a local martingale whose quadratic variation is
By the strong law of large numbers for martingales, we can derive that Meanwhile, it follows from (30) that
that is,
Therefore,
Combining lim →∞ ( ) = 0 with Definition 1, the pest population ( ) of model (2) goes to extinction with probability 1. The proof of Theorem 8 is completed. In order to verify the main result of Theorem 8, the numerical simulation is given as shown in Figure 3 ; it indicates that the pest population ( ) goes to extinction when the IPM strategy including spraying pesticide with periodic is considered.
Furthermore, the mean boundedness of model (2) is discussed. Proof. Defining a function as ( ) = ( ) + ( ), and then applying the Itô's formula to solve the SDE about ( ) along the solution of model (2) 
For each ∈ ( , ( + 1) ], integrating from to on both sides of the above equation (36), it yields
Taking the mean value on both sides, we can obtain that
and it is easy to see that
Since
Meanwhile, according to model (2) we obtain
Combining (41) with (42), consider the following SDE
Obviously, it gives that
By the comparison theorem of impulsive differential equation, it is easy to obtain
and then the solution of model (2) is mean boundedness. The proof of Theorem 9 is completed.
A State-Dependent Stochastic Ecosystem with IPM Strategy
Model Formulation.
In Section 2, a fixed-time stochastic impulsive ecosystem with IPM strategy has been investigated. The main purpose of this periodic control strategy is to eradicate pests rapidly and implement easily, and it is widely applied in agriculture and ecology. But at the same time it can bring serious environmental pollution and resource waste, so it is necessary to look for a new measure to control pest. Taking the threshold control strategy into account means to maintain the density of the pests below the EIL rather than seeking to eradicate them. Therefore, in model (2), only the density of pests exceeds the given threshold, the combination of releasing the natural-enemy and spraying pesticide to 
(47)
Model (47) describes the threshold strategy and the environment random; this stochastic perturbation could take some serious challenge to pest control; we will investigate the effects of the stochastic perturbation on pest control or IPM strategy in the next subsection.
Numerical Simulations for Model (47).
Comparing with model (2), model (47) describes the threshold control policy and stochastic perturbation more complexly; the term of environment random especially increases the uncertainty of the model (47), so it is difficult to investigate model (47) theoretically, so we can only investigate the dynamical behavior of model (47) by numerical simulations, and the analysis will focus on the pest-outbreak frequency and some key factors.
Firstly, the effect of releasing natural-enemy on dynamical behaviors of model is explored. On one hand, if there is no releasing natural-enemy (i.e., = 0), model (47) provides a boundary solution ( ( ), 0); in other words, the naturalenemy population finally goes to extinction, while the pest population goes to periodical vibration randomly. Although natural-enemy population is extinct, the pest population is still under control(i.e., ≤ ), only to show the economic value with a high frequency, as shown in Figures  4(a) and 4(b) . On the other hand, Figures 4(c) and 4(d) show that if there is releasing natural-enemy to ecosystem (i.e., = 0.01), both pest-and nature-enemy populations can coexist; two populations can be periodical vibration randomly. Comparing with Figure 4 , the dynamical behavior of model (47) has a great change as shown in Figure 5 . In particular, Figure 5 represents model (47) has several stages of pest-outbreak and relative stable. The curves of pestoutbreak include several rapid impulsive processes, while the ones of pest stability have the length impulsive processes with two time intervals. In the initial stage, the density of natural-enemy keeps in relative levels, but the density of pest population increases rapidly. As long as releasing naturalenemy many times, pest will be relative stable. However, if the density of natural-enemy is in a low level, the outbreak of disaster pests will form again.
As we know, the state-dependent model has a switching time between < and < ; it could play a very important role on pest control. The shorter the switching time, the higher the pest-outbreak frequency; in other words, it is very frequent to spray pesticide and release naturalenemy, and it can cause serious environmental pollution and resource waste. It is difficult to design the proper measures if we do not know when and how to implement control strategies. Aimed at the state-dependent stochastic model (47), we further investigate the pest-outbreak frequency by applying the average switching time as the following method.
Step 1. For the given economic threshold ET in model (47), assume the times of pest arrivals at ET with = 100 are , denoting the time interval between the first and -th arrivals at ET is Δ , and then the average switching time is
Step 2. Following Step 1, the average switching time is = (∑ =1 )/ with = 1000. The effects of key parameters on the average pest-outbreak frequency are taken into account. Now, we are in a position to investigate the effects of the economic threshold, the environmental perturbation intensity, and the IPM control measures on pest-outbreak frequency.
(i) The Effect of ET on Pest-Outbreak Frequency. Assume that ET is 4.5, 5.5, 6.5 and 7.5 in Figures 6(a), 6 (b), 6(c), and 6(d) respectively. When = 1000, the frequency histograms are derived. According to = [Δ ]/[ − 1], the pest-outbreak frequency is 0.9710, 1.1354, 1.2946, 1.5105, respectively. The result shows that there is a close relationship among the frequency of pest-outbreak, ET and the switching time. The smaller the value of ET is (or the shorter the switching time is), the higher the pest-outbreak frequency becomes.
(ii) The Effects of the Environmental Perturbation Intensity on Pest-Outbreak Frequency. According to choosing the variable perturbation intensity 1 and 2 , the average time of pest population arrivals at ET is derived, and the frequency histogram is given, as shown in Figure 7 . It is easy to see that the average time is 1.4841, 1.7936, 1.5068, 1.4178 in the cases of Figures 7(a) , 7(b), 7(c), and 7(d), respectively. The perturbation intensity has a great impact on pest population. It shows that the greater the impact of the perturbation intensity on pest population is, the lower the pest-outbreak frequency becomes. And the opposite is true for their natural enemies. The inescapable conclusion is that the stronger environmental perturbation intensity or a relative stable level of natural-enemy population could help the pest control. On the other hand, it is good for pest-outbreak. Based on the above analysis there is a close relationship among the frequency of pest-outbreak, ET, the environmental perturbation intensity, and control measures. The larger the value of ET is, the slower the pest-outbreak frequency becomes. Besides, the perturbation intensity also has a great impact on pest population. The greater the impact of the perturbation intensity on pest population is, the lower the pest-outbreak frequency becomes. And the opposite is true for their natural enemies. We can also reduce the pestoutbreak frequency by increasing the intensity of control measures. Finally, this study helps us to understand the impact of random factors on pest-outbreak frequency by theoretical derivations and numerical simulations; the results have directive significance in the design of an optimal control strategy for the department of ecological agriculture.
Conclusion and Discussion
As we know pest-outbreaks often cause serious ecological and economic problems, requiring complex control strategies to reduce the loss because of the outbreak of disaster pests. Among the current control and preserve measures, the chemical control may be still one of the most important measures and can control plant diseases and insect pests effectively in a short time, but it will bring many serious problems including environment pollution and pesticide residual effects. Therefore, combining the chemical control, physical control, biological control, and some advanced information technologies, IPM strategy has established an efficient comprehensive control system to improve the efficiency of pest control. Meanwhile, in order to describe the environmental randomness on pest control, this paper has proposed some impulsive stochastic dynamical models. For a fixed-time impulsive stochastic ecosystem, the local existence, global existence, and the mean boundedness of positive solutions of the system are investigated, and the sufficient conditions for pest-free solution with probability 1 are derived. For a statedependent stochastic ecosystem, the corresponding numerical simulations and methods are developed and the effects of ambient noise intensity on pest-outbreak are discussed. The result shows that there is a close relationship between the frequency of pest-outbreak, ET, the environmental perturbation intensity, and control measures.
The numerical results, especially, indicate that the larger the value of ET is, the slower the pest-outbreak frequency becomes. Besides, the perturbation intensity also has a great impact on pest population. The greater the impact of the perturbation intensity on pest population is, the lower the pest-outbreak frequency becomes. And the opposite is true for their natural enemies. We can also reduce the pestoutbreak frequency by increasing the intensity of control measures. Finally, this study helps us to understand the impact of random factors on pest-outbreak frequency by theoretical derivations and numerical simulations; the results have directive significance in the design of an optimal control strategy for the department of ecological agriculture.
However, the impulsive stochastic differential equation is a new research topic. Especially for the state-dependent stochastic dynamical model, it is first proposed in this paper, since the state-dependent stochastic model describes the threshold control policy and IPM strategy more complexly, that it is difficult to investigate this model theoretically, so we have investigated it by numerical simulations. Therefore, there are still many challenges in theoretical analysis and numerical research as well as biological conclusions, etc. It is necessary to develop new research methods to analyze statedependent impulsive stochastic models. We will continue to focus on the latest research results of those topics in later studies and conduct further and systematic research.
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